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, $\mathrm{B}\mathrm{G}$ 2 $r$




(I) 3-PHO 4-PHO 4 $\mathrm{B}\mathrm{G}$ [ ,
3-PHO $[6,12]$ 5.
(II)(I) : $r$ 3 , $r$-PHO $2(r-1)$-PHO
$\mathrm{a}*$ $2(r-1)$ BG
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(I) t (II) , ffl
H\’enon-Heiles (I) , (





, $\mathrm{B}\mathrm{G}$ ( ) . Moser [1] [
, Moser \leq $[4,6]$ .
$\mathrm{R}^{2}\cross \mathrm{R}^{2}$ $(q,p)$ , 2 $\sum_{j=1}^{2}dp_{j}\Lambda$
. 51 , $’\backslash$ $K(q,p)$ ( )
$K(q,p)= \frac{1}{2}\sum_{j=1}^{2}(p_{j}^{2}+q_{j}^{2})+\sum_{k=3}^{\rho}K_{k}(q,p)$ (2.1)
( 3 ). 2 6
$W(q, \eta)=\sum_{j=1}^{2}q_{j}\eta_{j}+\sum_{k=3}^{\infty}W_{k}(q, \eta)$ (2.2)
( )
$(q,p)arrow(\xi,\eta)$ with $p= \frac{\partial W}{\partial q},$ $\xi=\frac{\partial W}{\partial\eta}$ , (2.3)
, (2.3) $K$
$G( \frac{\partial W}{\partial\eta}, \eta)=K(q, \frac{\partial W}{\partial q})$ (2.4)
$\overline{5[6]-\mathrm{C}.\mathfrak{l}\mathrm{h}}$Bertrand-Darboux , } ( [12].
6 (q) $(\eta)$ .
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,$G( \xi, \eta)=\frac{1}{2}\sum_{j=1}^{2}(\eta_{j}^{2}+\xi_{j}^{2})+\sum_{k=3}^{\infty}G_{k}(\xi, \eta)$ (2.5)
. , $G_{k}(\xi,\eta)$ $(\xi,\eta)$ $k$ $(k=3,4, \cdot\cdot-\cdot)$ .
2.1 $K(q,p)$ (2.4) $G(\xi,\eta)$ $\rho$ $\mathrm{B}\mathrm{G}$ , Poisson
$\{\frac{1}{2}\sum_{j=1}^{2}(\eta_{j}^{2}+\xi_{j}^{2}), G_{k}\}_{\xi,\eta}=0$ $(k=3, \cdots, \rho)$ (2.6)
. , $\{\cdot, \cdot\}\xi,\eta$ $(\xi, \eta)$ Poisson .
$\blacksquare$
$\mathrm{B}\mathrm{G}$ ,
$D_{q,\eta}= \sum_{j=1}^{2}(q_{j}\frac{\partial}{\partial\eta_{j}}-\eta_{j}\frac{\partial}{\partial q_{\dot{J}}})$ . (2.7)
.
2.2( ) (2.1) $K(q,p)$ , (2.4), (2.5), $\rho=\infty$
(2.6) $\mathrm{B}\mathrm{G}$ $G(\xi, \eta)$ . , 2 $W(q, \eta)$ , (2.2)
$W(q, \eta)\in \mathrm{i}\mathrm{m}\mathrm{a}\mathrm{g}\mathrm{e}D_{q,\eta}$ (2.8)
7. $\blacksquare$
, ($\rho$ ) .
2.2($\rho$ ) (2.1) $\rho$ $K(q,p)$ , (2.4), (2.6)
$\rho$ $\rho$
$\mathrm{B}\mathrm{G}$ $G(\xi, \eta)$ . , 2 $W(q, \eta)$ ,
(2.2), (2.8) $\rho$ . $\blacksquare$
2.2
$\mathrm{B}\mathrm{G}$ ( ) $G(\xi, \eta)$ , $\mathrm{B}\mathrm{G}$
( ) . , $G(\xi, \eta)$ (2.1)
$K(q,p)$ $\mathrm{B}\mathrm{G}$ . (2.2)-(2.3) $(q,p)arrow(\xi, \eta)$
, 3 8 $-W(q, \eta)$ ,
$(\xi,\eta)arrow(q,p)$ with $p=- \frac{\partial(-W)}{\partial q},$ $\xi=-\frac{\partial(-W)}{\partial\eta}$ , (2.9)
, (2.4)
$K(q, - \frac{\partial(-W)}{\partial q})=G(-\frac{\partial(-W)}{\partial\eta},\eta)$ (2.10)
, $K(q,p)$ $\mathrm{B}\mathrm{G}$ $G(\xi, \eta)$ (2.9) .
, .
23( ) $\mathrm{B}\mathrm{G}$ $G(\xi, \eta)$ (2.5) ,
$K(q, - \frac{\partial S}{\partial q})=G(-\frac{\partial S}{\partial\eta}, \eta)$ (2.11)




(2.1) $K(q,p)$ . , $S(q, \eta)$
$S(q, \eta)=-\sum_{j=1}^{2}q_{j}\eta_{j}-\sum_{k=3}^{\infty}S_{k}(q, \eta)$ (2.12)
3 $(S_{k}(q, \eta):(q, \eta)$ $k$ $(k=3,4, \cdots))$ ,
$S(q, \eta)\in \mathrm{i}\mathrm{m}\mathrm{a}\mathrm{g}\mathrm{e}D_{q,\eta}$ (2. 13)
. $\blacksquare$
, ( $\rho$ ffl.) .
24($\rho$ ) $\rho$ $\mathrm{B}\mathrm{G}$ $G(\xi, \eta)$ , (2.11) $\rho$ (2.1)
$\rho$ $K(q,p)$ . , 3 $S(q, \eta)$ , (2.12) (2.13)
$\rho$ . $\blacksquare$
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, H\’enon\leftrightarrow Heiles(HH) [
. $\mathrm{H}\mathrm{H}$
$K_{\mu}(q,p)= \frac{1}{2}\sum_{j=1}^{2}(p_{j}^{2}+q_{j}^{2})+q_{1}^{2}q_{2}+\mu q_{2}^{3}$
$(\mu\in \mathrm{R})$ . (3.1)







. , $\zeta j=\xi j+i\eta j(j=1,2)$ . $G_{\mu}(\xi, \eta)$ 4 10’
$H_{\mu}(q,p)= \frac{1}{2}\sum_{j=1}^{2}(p_{j}^{2}+q_{j}^{2})+H_{\mu,3}(q,p)+H_{\mu,4}(q,p)$ (3.3)
3 $H_{\mu,3}(q,p)$ , $zj=qj+ipj(j=1,2)$ ,
$H_{\mu,3}(q,p)=a_{1}z_{1}^{3}+a_{2}z_{1}^{2}z_{2}+a_{3}z_{1}z_{2}^{2}+a_{4}z_{2}^{3}+a_{5}z_{1}^{2}\overline{z}_{1}$
$+a_{6}z_{1}^{2}\overline{z}_{2}+a_{7}z_{1}z_{2}\overline{z}_{1}+a_{8}z_{1}z_{2}\overline{z}_{2}+a_{9}z_{2}^{2}\overline{z}_{1}+a_{10}z_{2}^{2}\overline{z}_{2}$

























$-36\mu z_{1}z_{2}\overline{z}_{1}\overline{z}_{2}-45\mu^{2}z_{2}^{2}\overline{z}_{2}^{2}+3\mu z_{1}^{2}\overline{z}_{2}^{2}+3\mu z_{2}^{2}\overline{z}_{1}^{2})$,
. , (3.4), (3.5) $ah(h=1, \cdots, 10)$ $c\ell(\ell=1, \cdots, 13)$
. , $\mathrm{H}\mathrm{H}$ 4 $\mathrm{B}\mathrm{G}$ 4 ,
46 .
$H_{\mu}(q,p)$ 4 (4-PHO)
$[$6$]^{11}$ . $H_{\mu}$ , 4-PHO , $\mu=1/3$ .
$\mu=1/3$ $\overline{7}$ $\mathrm{H}\mathrm{H}$ , , $H_{1/3}$
4-PHO .
$1\mathrm{O}$ ANFER $\mathrm{v}\mathrm{e}\mathrm{r}.1.0[14]$ .
11 , ( ) .
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323-PHO





$\mathrm{B}\mathrm{G}$ 4 4-PHO $\mathrm{I}\backslash$ $|_{\sqrt}\mathrm{a}$ \supset $\mathrm{a}$ ,
$|_{\sqrt}\mathrm{a}$
3-PHO 3 $P_{3}(q)$ , . [
12 , \leq $|_{\sqrt}\mathrm{a}$ .
3.1[6]3-PHO $\mathcal{K}^{(3)}(q,p)$ $\mathrm{B}\mathrm{G}$ 4 [









$9g_{2}^{2}+4g_{3}^{2}-24g_{1}g_{3}-9g_{2}g_{4}=0’$ , $9g_{4}^{2}+4g_{3}^{2}-24g_{3}g_{5}-9g_{2}g_{4}=0$ (3.10)
. $\blacksquare$
(3.8) (3.10) ? , 3-PHO I$\sqrt$ ‘[ \downarrow PHO
Bertrand-Darboux ‘generic’ .
3.3(Bertrand-Darboux[15]) $\nearrow\backslash$ $\frac{1}{2}\sum_{j=1}^{2}(p_{j}^{2}+q_{j}^{2})+V(q)$ ,
$\mathrm{R}^{2}\cross \mathrm{R}^{2}$
$(\mathrm{A})-(\mathrm{C})$ .
(A) 5 $(\alpha, \beta,\beta’,\gamma, \gamma’)\neq(0,0,0,0,0)$ ,
$( \frac{\partial^{2}V}{\partial q_{2}^{2}}-\frac{\partial^{2}V}{\partial q_{1}^{2}})(-2\alpha q_{1}q_{2}-\beta’q_{2}-\beta q_{1}+\gamma)$
$+2 \frac{\partial^{2}V}{\partial q_{1}\partial q_{2}}(\alpha q_{2}^{2}-\alpha q_{1}^{2}+\beta q_{2}-\beta’q_{1}+\gamma’)$
(3.11)




(B) , $p$ 2 1 .
(C) , , , ,
. $\blacksquare$
3-PHO (3.11) ,
(i)(3.8) $\mathrm{G}^{-}$. , (ii) rank $\{$
21 $f_{3}$ $-f_{4}+18f_{2}$
$-6f_{2}+5f_{1}-21f_{2})=1$ (3.12)-5$f_{4}+6f_{2}$ -18$f_{3}+f_{1}$
, 4-PHO (3.11) t
(i) (3.10) I , (ii) $g_{3}=2g_{1}=2g_{5}$ , $g_{2}=g_{4}=0$ (3.13)
14. (3.12) (3.13) , (3.8) (3.10) generic
. , (3.8) (3.10) , BDC
( ) .
3.4 [6] 3-PHO 4-PHO 4 $\mathrm{B}\mathrm{G}$ , 3-PHO \downarrow PHO






$\mathcal{M}(V^{(r)})=\{$ $v_{0}^{(r)}-v_{2}^{(r)}v_{1}^{(r)}$ $v_{1}^{(r)}-v_{3}^{(r)}v_{2}^{(r)}$ $v_{r-2}^{(r)}-v_{r}^{(r)}v_{r-1}^{(r)})$ (4.2)
$2\cross(r-1)$ $\mathcal{M}(V^{(r)})$ .
4.1[12] $r$ $V^{(r)}(q)$ (r-PHO)
Bertrand-Darboux , .
$(r=3)$ (4.3a) (4.3b) :





($r=$ $\geq 4$) (4.4a) (4.4b) :
rank $\mathcal{M}(V^{(r)})=1$ , (4.4a)
$\{$
$v_{2j}^{(r)}= \frac{2j-1}{r-2j+1}v_{2(j-1)}^{(f)}$ $(j=0,1, \cdots, \frac{r}{2})$ ,
$v_{2h-1}^{(r)}=0(h=1, \cdots, \frac{r}{2})$ .
(4.4b)
13\sigma ) --\emptyset$\mathrm{H}\mathrm{a}\mathrm{m}.4$ton-Jacobi $\mathrm{B}\mathrm{i}$ $\mathrm{X}\#$ .
















4.3 [12] $r$ 3 . $r$-PHO $2(r-1)$-PHO $2(r-1)$
$\mathrm{B}\mathrm{G}$ , $r$-PHO $\nearrow\backslash$
. , $2(r-1)$ $\mathrm{B}\mathrm{G}$ , $2(r-1)- \mathrm{P}\mathrm{H}\mathrm{O}$
$r$-PHO . $\blacksquare$
42 4.3 ( ) :
, $r$-PHO $\mathrm{B}\mathrm{G}$ $2(r-1)- \mathrm{P}\mathrm{H}\mathrm{O}$
. $r$ 3 , (4.1) (4.6)
$r$-PHO $2(r-1)$ $\mathrm{B}\mathrm{G}$ $G^{(r)}(\xi, \eta)$ ,
$G^{(r)}( \xi, \eta)=\frac{1}{2}\sum_{j=1}^{2}(\eta_{j}^{2}+\xi_{j}^{2})+G_{2(r-1)}^{(r)}(\xi, \eta)$ , (4.8)
$G_{2(r-1)}^{(r)}( \xi, \eta)=\sum 2(r-1)$ $\min(r-1,m)\sum$ $\mathrm{C}_{m,\ell}^{(r)}\zeta \mathrm{f}\zeta_{2}r.-1-\ell\zeta_{1}\zeta^{-1-m+\ell}\neg n-\ell$, (4.9)
$m=0 \ell=\max(0,m-r+1)$
$\mathrm{C}_{m,\ell}^{(r)}=\frac{2r^{2}}{4^{r}}\sum_{\dot{g}=\mu J}^{M_{J}}(\begin{array}{ll}r -1 j\end{array}) (\begin{array}{l}r-1m-j\end{array})(v_{j}^{(r)}v_{m-j}^{(r)}+v_{j+1}^{(r)}v_{m-j+1}^{(r)})$
(4.10a)
$\cross\sum_{k=\mu K}^{M_{K}}\sum_{h=\mu H}^{M_{H}}\frac{(_{k}^{j})(\begin{array}{l}r-1-jh\end{array})(\begin{array}{l}m-j\ell-k\end{array})(_{r-1-\ell-h}^{r-1-(m-j)})}{\{(2(k+h+1)-r\}\{2(k+h)-r\}}$ ,
$\{$
$\mu_{J}=\mathrm{m}\mathrm{a}\mathrm{e}\mathrm{c}(0, m-(r-1)))$ , $M_{J}=$. $\min(m, r-1)$ ,
$\mu_{K}=\max(0,\ell-(m-j))$ , $M_{K}= \min(j, \ell)$ ,




$\overline{15(4.3\mathrm{b})\mathrm{B}\mathrm{i}ffiO\mathrm{X}’\supset \text{ }|\mathrm{h},\mathrm{f}\mathrm{f}\mathrm{i}\mathrm{g}f_{\mathrm{s}}\mathrm{g}\Phi_{\grave{1}}\mathrm{g}\text{ ^{}\backslash }\ }\text{ }$ , (4.4b) [
.
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, $2(r-1)$ $\mathrm{B}\mathrm{G}$ $G^{(2(r-1))}(\xi, \eta)$ ,
$G^{(2(r-1))}( \xi, \eta)=\frac{1}{2}\sum_{j=1}^{2}(\eta_{j}^{2}+\xi_{j}^{2})+G_{2(r-1)}^{(2(r-1))}(\xi, \eta)$, (4.12)
$G_{2(r-1)}^{(2(r-1))}( \xi,\eta)=\sum 2(r-1)$ $\dot{\mathrm{m}}\mathrm{n}(r-1,m)\sum$
$\epsilon_{m}^{(2}\mathrm{j}^{r-1\mathrm{D}_{\zeta \mathrm{f}\zeta;^{-\sim-}\zeta_{\overline{1}}^{n-\prime}\overline{\zeta_{2}}^{-[]-m+\ell}}}$ , (4.13)
$m=0 \ell=\max(0,m-r+1)$
$\mathrm{C}_{m,\ell}^{(2(r-1))}=4^{1-r}v_{m}^{(2(r-1))}(_{m}^{2(r-1)})(\begin{array}{l}m\ell\end{array})(\begin{array}{l}2(r-1)-mr-1-\ell\end{array})$ (4.14)
. , $\zeta_{1}^{\ell r-1-\ell\neg n-\ell}\zeta_{2}\zeta_{1}\overline{\zeta_{2}}^{-1-m+\ell}$
. , $G_{2(r-1)}^{(r)}(\xi, \eta)=G_{2(r-1)}^{(2(r-1))}(\xi, \eta)$
$\mathrm{C}_{m}^{(r)},{}_{1}\mathrm{C}_{m,0}^{(2(r-1))}=\mathrm{C}_{m,0}^{(r)}\mathrm{C}_{m,1}^{(2(r-1))}$ $(m=2,3, \cdots, r-1)$ , (4.15)
16. 17, (4.15)
$\sum_{j=0}^{1\frac{m}{2}1-1}(\sum_{h=j+1}^{m-(j+1)}B_{h}^{(r,m)})\Delta_{\mathrm{j}+1m-j}^{(r)}=0$ $(m=2, \cdots, r-1)$ (4.16)
. , $B_{h}^{(r,m)}$
$((r-1)^{2}(\begin{array}{l}r-2m-1\end{array}))^{-1}B_{h}^{(r,m)}$




. , $\Delta_{\alpha\beta}^{(r)}$ (4.2) $\mathcal{M}(V^{(r)})$ $\alpha$ , $\beta$
. ,
$-\Delta_{\alpha\beta}^{(r)}=\det$( $v_{\alpha-1}^{(r)}-v_{\alpha+1}^{(r)}v_{\alpha}^{(r)}$ $v_{\beta-1}^{(r)}-v_{\beta+1}^{(r)}v_{\beta}^{(r)}$ ). (4.18)
16 $\ell=0,1$ $m$ 0 $r-1$ .
17 , Bh(r,\rightarrow 2 .
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[12].
4.4 [12] $\mathcal{M}_{\nu}(V^{(r)})(\nu=2, \cdots, r-1)$ , $\mathcal{M}(V^{(r)})$ 1 $\nu$
$2\cross\nu$ . $\nu=2,$ $\cdots,$ $r-2$ ,
rank $\mathcal{M}_{\nu}(V^{(r)})=1$ (4.19)
, (4.16) $m=\nu+1$ , rank $\mathcal{M}_{\nu+1}(V^{(r)})=1$ . 1
, $m=2$ (4.16) , rank $\mathcal{M}_{2}(V^{(r)})=1$ . ,
(4.16) 4.4 , rank $\mathcal{M}_{r-1}(V^{(r)})=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}$ $\mathcal{M}(V^{(r)})=1$ .
42 , .
43 43 ( ) :
, BG . r-PHO $\mathrm{I}\backslash$
$K^{(r)}(q,p)$ , . 2
$R$ , $(Q, P)$ $(_{-}^{-}-, \mathrm{Y})$
($Q$ , P)=(R , $Rp$), $(_{-}^{-}-, \mathrm{Y})=(R\xi, R\dot{\overline{\eta}})$ (4.20)




$\tilde{K}^{(r)},\tilde{G}^{(r)}$ , 0 $\tilde{v}_{0}^{(r)},\tilde{v}_{r}^{(r)}$ ,
$\tilde{K}^{(r)}(Q, P)=\frac{1}{2}\sum_{j=1}^{2}(P^{2}. +Q_{j}^{2})+\tilde{v}_{0}^{(r)}Q_{2}^{r}+\tilde{v}_{r}^{(r)}Q_{1}^{r}$, (4.22)
$\tilde{G}^{(r)}(_{\cup}^{-}-, \mathrm{Y})=\frac{1}{2}\sum_{j=1}^{2}$ ( $\mathrm{Y}_{j}^{2}$ $j2$ ) $+\tilde{\mathrm{C}}_{r-1,r-1}^{(r)}$ $(Z_{1}\overline{Z}_{1})^{r-1}+\tilde{\mathrm{C}}_{0,0}^{(r)}(Z_{2}\overline{Z}_{2})^{r-1}$, (4.23)
. , $Z_{j}=_{-j}--+i\mathrm{Y}_{j}(j=1,2)$ , $\tilde{\mathrm{C}}_{r-1,r-1}^{(r)}$ , (4.10) $v_{j}^{(r)}$ g $\tilde{v}_{j}^{(r)}$ [
. (4.14) , $\tilde{G}^{(r)}$ ,
$\tilde{K}^{(2(r-1))}(Q, P)=\frac{1}{2}\sum_{j=1}^{2}(P_{j}^{2}+Q_{j}^{2})+\frac{4^{r-1}}{(_{r-1}^{2(r-1)})}$ [\eta Q22(r-l $\tilde{\mathrm{C}}_{r-1,r-1}^{(r)}Q_{1}^{2(r-1)}]$ , (4.24)
4 $\mathrm{B}\mathrm{G}$ . ,
$\tilde{K}^{(2(r-1))}0\phi_{R}=K^{(2(r-1))}$ (4.26)
$2(r-1)$-PHO $K^{(2(r-1))}(q,p)$ $K^{(r)}(q,p)$ 4 $\mathrm{B}\mathrm{G}$
.
5
43 , $2(r-1)$ $\mathrm{B}\mathrm{G}$




51 , , 4 $\mathrm{B}\mathrm{G}$
. , 42 .
, r-PHO $2(r-\mathfrak{y}- \mathrm{P}\mathrm{H}\mathrm{O}$ $2(r-\mathfrak{y}$ ,
.
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